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COURSE OBJECTIVES:

Students will develop ability towards

- Determination of stress, strain under uniaxial loading (due to static or impact load and temperature) in simple
core composite bars.

- Determination of stress, strain and change in geometrical parameters of cylindrical and spherical shells due t
- Realization of shear stress besides normal stress and computation of resultant stress in two dimensional obje
- Drawing bending moment and shear force diagram and locating points in a beam where the effect is maximut
minimum.

- Determination of bending stress and torsional shear stress in simple cases

- Understanding of critical load in slender columns thus realizing combined effect of axial and bending load.

1.0 Simple stress& strain
1.1 Types of load, stresses & strains,(Axial and tangential) Hooke’s law, Young’s modulus, bulk
modulus, modulus of rigidity, Poisson’s ratio, derive the relation between three elastic constants,

1.2 Principle of super position, stresses in composite section
1.3 Temperature stress, determine the temperature stress in composite bar (single core)

1.4 Strain energy and resilience, Stress due to gradually applied, suddenly applied and impact
load

1.5 Simple problems on above.

2.0 Thin cylinder and spherical shell under internal pressure
2.1 Definition of hoop and longitudinal stress, strain

2.2 Derivation of hoop stress, longitudinal stress, hoop strain, longitudinal strain and volumetric
strain

2.3 Computation of the change in length, diameter and volume
2.4 Simple problems on above

3.0 Two dimensional stress systems
3.1 Determination of normal stress, shear stress and resultant stress on oblique plane

3.2 Location of principal plane and computation of principal stress
3.3 Location of principal plane and computation of principal stress and

Maximum shear stress using Mohr’s circle
4.0 Bending moment& shear force
4.1 Types of beam and load

4.2 Concepts of Shear force and bending moment

4.3 Shear Force and Bending moment diagram and its salient features illustration in cantilever
beam, simply supported beam and over hanging beam under point load and uniformly distributed
load

5.0 Theory of simple bending
5.1 Assumptions in the theory of bending,

5.2 Bending equation, Moment of resistance, Section modulus& neutral axis.
5.3 Solve simple problems.

6.0 Combined direct & bending stresses
6.1 Define column

6.2 Axial load, Eccentric load on column,



6.3 Direct stresses, Bending stresses, Maximum& Minimum stresses.
Numerical problems on above.

6.4 Buckling load computation using Euler’s formula (no derivation) in
Columns with various end conditions

7.0 Torsion

7.0 Assumption of pure torsion

7.1 The torsion equation for solid and hollow circular shaft
7.2 Comparison between solid and hollow shaft subjected to pure torsion



CHAPTER1.0

SIMPLESTRESSANDSTRAIN

Loadisanexternalforce.Hydraulicforce,steampressure,tensileforce,compressiveforce,
shearforce,springforceanddifferenttypesof load.Againloadmaybeclassifiedasliveload,dead load.

Definition

Strengthofmaterialisthestudyofthebehaviourofstructuralandmachinemembersunder
theactionofexternalloads,takingintoaccounttheinternalforcescreatedandresultingdeformation.
T fl

The simplest type of load (P) is a direct pull or push, known technically as tension or
compression. X

P <«— — P

X
P— e— P

Ifa member is in motion the load may be caused partly by dynamic or inertia forces.
Forinstance, theconnecting Rod of areciprocating engine, load on a fly wheel.

STRESS

Definition
TheForcetransmittedacrossanysection,dividedbytheareaofthatsection,iscalledintensity

ofstressorstress.

X 1
P« — = > P
HP B [A i [A
A |
Where X
[ -Stress P
- Load
A-Area
[_A-Intemalforcesofcohesion
. ; i .

Stresses which are normal to the planeonwhich they act are calleddirect stresses
andeither tensile or compressive.
Unit-N/ m2

STRAIN
Stainisameasureofthemeasureofthedeformationproduced inthememberbytheload.

IfarodoflengthLisintensionandtheelongationproducedisL ,thenthedirect

train= Elongation
SraIN= 5 iginallength

IR
L

Tensilestrainwillbepositive compressivestrainwillbenegative.



Hooke’sl aw
Thisstatesthatstrainisproportionaltothestressproducingit.
Amaterialissaidtobeelasticifallthedeformationsareproportionaltotheload.
Principleofsuperposition
Itstatesthattheresultantstrainwillbethesumoftheindividualstrainscausedbyeachload
actingseparately.

Young’s Modul

WithinthelimitsforwhichHooke’slawisobeyed,theratioofthedirectstresstothe strain

producediscalled young’smodulesorthemodulesofElasticity,i.e.E=E= _

Forabarofuniformcross-sectionAandlength LthiscanbewrittenasE=PLorPL X

AX AE
TangentialStress

Iftheappliedloadpersistsof twoequalandoppositeparallelforcesnotinthesameline,then there is
a tendency for one part of the body to slide over or shear from the other part across any
sectionLM.

» P

L\ — M Areaofgrosssection
P < is parallel to load

P
(11
A

Shearstressistangentialtotheareaoverwhichitacts.
Everyshearstressisaccompaniedbyanequal complementaryshearstress.
Shearstrain
—
/]

—

The shear strain or slide is[ 1, and canbedefined asthechangein theright angle. It is
measured in radians.

|

Forelasticmaterialshearstrainisproportionalto theshearstress.

ShearStress

Ratio Shear Strain

Modulesofrigidity

RatioGr 7 — N/mm?
\

Stressesincompositesection



Anytensileorcompressivememberwhichconsistsoftwoormorebarsortubesinparallel, usually
of different materials in called compound bars.

Analysis

AcompoundbarismadeupofarodofareaA,andmodulesE1andatubeofequallengthof
areaA2andmodulesE2.lIfacompressiveloadPisappliedtothecompoundbarfindhowtheload
isshared.Sincetheroadandtubeareofthesameinitiallengthandmustremaintogetherthenthe
strainineach partmustbe thesame. ThetotalloadcarriedisP and letif be shared W1andW2,

14109 L1=02

W, W,

compatibilityequation: AE,

1=1

Equilibrium equation:W +W =P

o AE,
Substituting, W,= xW
9. W= A E, 1
from(i)&(ii)givenW (1 AZEZ) P or
‘ AE,
PA.E
Wil a—TA —E
1 1 2 2
ThenW 1 __ PAE
A E A E
1 1 2 2
Example

Acomposite baris madeup of abrassrod of 25mdiameterenclosedina steeltube,being co-
axialof40mmexternaldiametersand30mminternaldiameterasshownbelow. Theyaresecurely
fixedateach end.Ifthestressinbrassandsteelare nottoexceed70MPaand120MParespectively find the
load (P) the composite bar can safely carry.

Pe— 25mm ——p

500mm

< >

Alsofindthechangeinlength,ifthecompositebaris500mmlong.TakeEforsteelTubeas 200 GPa
and brass rod as 80 GPa respectively.

DataGiven
Letsteeltube denotedas1andbrassroddenotedas2 d10=
40mm E1=200GPa
d1i=30mm E2=80GPa
d2=25mm
11=120MPa W1-Loadcarriedbytube

11=70MPa W2-Loadcarriedbyrod.



Fromcompatibilityequation:
W W

1 2
AE, A,
A (dd?) (4070309
1 4 10 1i 4
A4l 500mm?

\
andA _| 252\ 491mm2
2 4

Nowputtinginequationl (1)
Wi WX550x200

T2 491x80
W, 2.8W,

W1 4A4 120x5501 66000N

W
andw (T 90000 5350y

2 28 28
Fromequlibriumequation

[P W1[W2

660001 2357 89.57KW(Ans)
Changeinlength

Wy 66000x500 |0 3mm

A{E;  550x200x10°

Poi , .
Theratiobetweenlateralstraintothe linerstrainisa constantwhichisknownaspoisson’s
ratio.

Thesymbolis‘l'".
BulkModules

When a body is subjected to three mutually perpendicular stresses of equal intensity the
ratio of direct stress to the corresponding volumetric strain is known as bulk modules.
P

Fig.Kl i
SRRV

P-hydrostaticpressure

(-)-negativesigntakingaccountofthereductioninvolume.



RelationbetweenKandE
TheabovefigurerepresentsaunitcubeofmaterialundertheactionofauniformpressureP.

Itisclearthattheprinciplestressesare-P,-Pand-Pandthelinearstrainineachdirectionis
. - P
-P/E+. PIE+. PIE=— (1-20)
A

Butwe know

Volumetricstrain=sumoflinearstrain

P
BydefinationKl
1VIV
orK | 3P P
—2)E
_E
orK 3(1120)
orE=3K (1-20))
RelationbetweenEan
C
I
I 'S/
— 0
2
A 4% B
b
J2

It is necessary first of all to establish the relation between a pure shear and pure normal
stress system at a point in an elastic material.

Intheabovefiguretheappliedstressesare! tensileonAB and_ compressiveonBC. Ifthe
stresscomponentsonaplaneACat45°toABare’ . and] | Then the forces acting are as shown taking

the area on AC as units.

ResolvingalongandatrightangletoAC

A ﬁin45\ 7290545 I
and1 | \7_290345\ ﬁin45 0

Soapureshearonplanesat45°toABandBC.



A E B
721N
(e 1+E
| —H 2 Fe—
1-E
N A
D G C

This figure shows a square element ABCD, sides of unstrained length 2 units under the
actionofequalnormalstresses,[ _tension&compression.thenithasbeenshownthattheelement EFGHisin

pureshearof equal magnitude! .

LinerstrainindirectionEG=

E E

SayU\‘{—M)E
LinerstrainindirectionHF( | ‘J_HHJ_
E E

HencethestrainedlengthsofEOandHOarel+Eandl-Erespectively.

Theshearstrain _
G

ononeelementEFGHandtheangleEHGwillincreasebyto [ 1 andangleEHO=

4

EO

ConsideringthetriangletanEHO= _
HO

[ [y 100

101

tan [ tan

an 1+ 4 %

\
T tan—.tan—
4 2

4 2

tan(

10 HHt

N |

oy
12G

thenrearranginge=2G(1+L])

byremoving_ ,El - ??EKG
0

42



Temperaturestress
Determinationoftemperaturestressincompositebar(singlecore).

Temperaturestr inCom iteBar

If a compound bar made up of several materials is subjected to a change in temperature

therewillbe tendencyforthecomponentspartstoexpanddifferentamountsduetotheunequalco-
efficientofthermalexpansion.Ifthepartsareconstrainedtoremaintogetherthentheactualchange
inlengthmustbethesameforeach.Thischangeistheresultantoftheeffectsduetotemperature and

stresses condition.
Nowlet ,=Stressinbrass
[ ,=Straininbrass
[1,=Coefficientoflinerexpausionforbrass A;=
Cross sectional area of brass bar
and. [ ,[ ,A=Correspondingvaluesforsteel.
| =Actualstrainofthecompositebarperunitlength.
Ascompressiveloadonthebrassinequaltothetensileloadonthesteel, therefore
1A=L A,
straininbrass [ = t-[

0 A4,

A= P G=010 00 ),

| | insimplel
LetL=originallengthofthebody

[Jt=Increaseintemperature

[ I=Coefficientoflinerexpansion.
Weknowthattheincreaseinlengthduetoincreaseof temperature

TLILT Ot

LITt
SN (e 11

L L
Stressi[E

Example-1

Analuminiumalloybarfixedatitsbothendsisheatedthrough20Kfindthestressdeveloped
inthebar.Takemodulesof elasticityandcoefficientof linearexpansionforthebarmaterialas80 GPa
and 24 X 10-%/K respectively.

DataGiven
1 t=20K
E=80GPa=80X103N/mm?
1 =24X1079K



Solution
Then thethermalstress
Tt D tE 24x10°6x20x80x10°
138.4N/ mm?%138.4mPa
Example-2

A flat steel bar 200mm X 20mm X 8mm is placed between two aluminium bars 200mm X
20mm X 6mm. So as to form a composite bar.All the three bars are fastened together at room
temperature.Findthestressesineachbarwherethetemperatureofthewholeassemblyinraised

through50°c,AssumeE=200GPa,E=80GPa, 14112x10'6/%,7 ;1 24x10'5/%
S a
Datagiven
Aluminium 6mm
Steel 8mm
Aluminium 6mm

[t=50°c,Es=200GPa=200x10°N/mm?

[ la=80GPa=80x103N/mm?

-60 -60
a§12x10 /c,aa=24x10 Ic
Solution
As=20x8=160mm?
Aa=2x20x6=240mm?

Aa%mx A15AS  As

‘s‘ Is
s 200x10°
lala

g 4

[gl

a 80x103

\s\\a\t(\a\\s)
S ba
200x10°  80x103

50(24x10° 8 12x10° )

or 153 va
7 3 3
200x10°  80x10
1 50x12x10" 6

11 5 30N/mm? 30MPa

115 1.5x30=45N/mm*: 45MPa



1.4.Strainenergyresiliencestressduetograduallyappliedload,suddenlyapplied |I°g' & d'"' s "oteevist
andcompactload.

Load

Extension

Strain Energy

Thestrainenergy(U)ofthebarisdefinedastheworkdonebytheloadinstrainit.

Foragraduallyappliedloadorstaticloadtheworkdoneisrepresentedbytheshadedareain
abovefigure.

u="p.x 2
u="ga% _

2 E
1 1o

[ 'g?ALl Vol
2E 2E
Resilience

Thestrainenergyperunitvolumeusuallycalledasresilienceinsimpletensionorcompression

Proofresilience
Itisthevalueattheelasticlimitorattheproofstressfornon-ferrousmaterials.

StrainenergyisalwaysapositivequantityandbeingworkunitswillbeexpressedasNm(i.e. joules)
Examplel

Calculatethestrainenergyof theboltasshownbelowunderatensileloadof T10KN.Show
thatthestrainenergyisincreasedforthesamemaxstressbyturningdownthesameoftheboltto the root
diameter of the turned, E=20500 N/mm?

DataGiven ( 50mm ol 25mm
r ————————— — AN = Fy
r 0 _:;1¥mm_ [ 20mm
(_ __________ AANAANANNNAAAAAAA v
P=10KN,E=205,000N/mm?
Solution

ltisanormal practicetoassumethattheloadisdistributedeventsoverthecore.

A 16,6 217mm

. : P 10,000 )
Stress inscrewedportion= 1~ 7—'-46N/mm 21

C

%1 8N/mm?

P
Stressinshank= A
c 202

INE


http://www.foxitsoftware.com/shopping

(462x210x25131.82x314x50) 67N/mm?

TotalstrainEnergy = If 1

2x205000

turned to16.6mm

1
SEl ——————(462x217x75)1184N/
2x205000 0 X217x75) 84N/mm
Im |

[y
L (] AreaA

Supposing a weight W falls through a height ‘h’ on to ‘a’ collar attached to one end of a
uniformbar,theotherendbeingfined. Thenanextensionwillbecausedwhichisgreaterthanthat due to
oneapplication of the sameload gradually applied.

LetXisthemaximumextension,setupandthecorrespondingstrainis( .

LetPbetheequivalentstaticloadwhichwouldproducedthesameextensionX.
Thenthestrainenergyatthisinstant=E1 1( )
E 1 2

orE1 Pd (217)
4t,E

NeglectinglossofenergyatcompactiossofPEofweight=Gainofstrainenergy.

w(h x) 1Px_

2

orw(h PL—)—1P2L-5AE AE

RearrangingandmultiplyingthroughAE/L
P2/20 WP
| WhAE/LI 0Solvinganddiscardingthenega

tiveroot /w2 2WGAE/L

P W
W[ 10ZhAEMWL]

FromwhichX PL,u_Pcanbefound
AE A

Whenh 0,P12W

i.e. the stressproduced by a suddenly applied load is twice the static stress. Ex- Referring
figure-1,letamassof 100Kgfalls4cmontoacollarattachedtoabarof 2cmdia,3mmlongfind max
stress, E= 205,000N/mm?

07 FLWUTA J112hAE/WL]
981 \/1 2x40x] 100205000,

1
10§ 981x3x1000°



[ 134N/mm?



CHAPTER 2.0.

THIN CYLINDERAND SPHERICAL
SHELLUNDER INTERNAL PRESSURE

Definitionofhoopstress
Bysymmetrythethreeprincipalstressesintheshellwillbethe
(i) circumferentialorhoopstress
(i) longitudinalstress
(iii) radialstress.

Thincylinder:

If theratio of thickness to internaldiamerisless thanabout 1/20, thenthe hoopstress and
longitudinal stress are constant over the thickness and the radial stress is small and can be
neglected.

2.2Hoopstressorcircumferentialstressderivation

ir
Letd-internaldiameterl-
lengthofcylinder t -
thickness
p-pressure
considertheequilibriumofahalfcylinderoflengthL.
sectionthroughadiameteralplane,[ 1actsonanarea2tLandtheresultantverticalpressure force is
found from the projected area horizontal d x L
Equatingforces
1X2xtL=PxdxL
| B0
T2t
hoopstressin atensilestressactscircumferentiallyonthe cylinder.

rT1er 11

Considertheequilibrium ofasectioncutby atransverseplane,' .actsonanarea’ .,dt

1 .
(dshouldbethemaindiameter)andpactsonaprojectedareaof 4—d2equat|ngtheforces.

[



Equatingtheforces

1 xdt] 2
) Px _d
4

Whatevertheactualshapeofthe end

. Pd
lel!l L
2 4t
Incaseoflongcylinderortubesthisstress maybeneglected.

Thinsphericalshellunderinternalpressurederivation

Againthe radialstress willbeneglectedandthe circumferentialor hoop stress willbeneglected
andbysymmetrythetwoprincipalstressesareequal,infactthestressinanytangentialdirection is equal

tol .

d-internaldiameter

Fromabovefigureitisseenthat

uduPJd2 _
4
. Pd
el _
4t
| . .
(1
(2 — (2
(1
HoopStrain
[\1(\\ 1)
1E_ 1 2
Pd
[ 2
orL 4t1E( )

Longitudinal Strain

[\1(\\\\)

2 = 2 1
E



VolumetricStrainoncapacity Ifthedimensionisincreasedby:dand. L thevolumetricstrain

ThecapacityofacylinderdzL4

[(d[[d)(L[[ L)) diL
d2L
| [d?Lo d? Lo 20 d.dLo 20 d.duo Lo o d2lo o d? Ld2L] oL
1(d% Lo 20 d.dL)/d2L
12/ dldip Lt
| 2xdiameteralstraini longitudinalstrain

2xhoopstrain longitudinalstrain

Changeinvolume=(2_ ,+_ ,)volume

Forsphericalshell,volumestrain=3xhoopstrain
Changeindiameter=[ ] .d
Changeinlength=[ |,.L

Example-1

Agascylinderofinternaldiameter4d0mmisSmmthick,if thetensilestressinthematerialis not to
exceed 30 MPa, find the maximum pressure which can be allowed inthe cylinder.

Datagiven
D=40mm,t=5m
L 1=30MPa=30N/mm2
Solution
~Pd
weknow,[ [ L

T2t
Px40

2x5
1P17.5MPa

or,300

Example=2
Acylindricalthindrum80mmdiameterand4mlongismade 10mmthickplates. If thedrum

issubjectedtoan internal pressureof 2.5MPadetermineitschangesisdiameterandlength.E=
200GPa.

Datagiven

d =80 mm
L=4m
T=10mm
P=2.5N/mm?2

E =200x103N/mm?



Solution

Pd,

g (200)

T 4E
2.5x800

4x10x200x 103
\ 2.5x8002
di 81Xd J 4X2W(—1—75—

10.35mm(Ans)

Changeinlength

(210.25)

g/

Pd 1
g (00)_
2 2E2

el

Pl o2

2.5x800x4x103 1
4x10x200x10%  (L0.25)

0.5mm(Ans)

Example=3

Acylindricalvessel2mlongand500mmdiawith10mmthickplatesinsubjectedtoaninternal
pressure of 3MPa, calculate the change in volume of the vessel.

E=200GPa, =0.3
Datagiven
L=2x10°mm d
=500 mm
t=10mm
P=3MPa

E=200 x103N/mm?

0Py

2 2tE2

2x10x200x103 2
0.075x10°3

Vi di x5002x2x103
4 4

1 392.2x10mm3

ChangeinVolume

=V@2 )
=392.7(2x.32x10%+.075x10%)
=185x10°mm?



CHAPATER.3.0
TWODIMENSIONSTRESSSYSTEMS

3.1Determinationofnormalstress,shearstressandresultantstressonobliqueplane.

In many instances, however, both direct and shear stresses are brought into play, and the
resultants stress across any section will be neither normal nor tangential to the plane.

If’ [Istheresultantsstressmakinganangle withthenormaltotheplaneonwhichofacts.

C

HH x4 o 2

‘ ]
Fig3.4 Fig3.s ¥

Fig3.3

TheproblemistofindthestressactingonanyplaneACatanangle; toAB.Thisstresswill

notbenormaltotheplane,andmayberesolvedintotwocomponents’ | and

AsperFigure3.4showthestressesactingonthethreeplanesofthetriangularprismABC.

Therecan be no stress on the planeBC,which is alongitudinal planeof thebar,the stress!; must be up
the plane for equilibrium.

Figure 3.5showstheforcesactingontheprism,takingathicknesstperpendicularthefigure.

Theequationsofequilibriumresolveinthedirectionof! | .

|, .AC.t 1 AB.tCos
g (ﬂ)CosF
: AC

- Cos?



Resolveinthedirection /;

[ AL ABISIN
(AB)smL_
AC
17,77 Cos2. Sin

ool
[

H,]?[ Sin2] 2

iy (g

10 \/Cos“iiCoszi SinZ
11L1Cos!

Itisseenthatmaximumshearstressisequaltoone-halftheappliedstressandactson
planesat45°toit.

PureShear

As the figures will always be right-angled triangles there will be no loss of generality by
assumingthehypotenusetobeofunitlength.Bymakinguseofthesespecificationitwillbefound
thattheareaonwhichthestressesactareproportionalto1(forAC),Sin: (forBC)andSin: (for AB) and
future figures will show the forces acting on such an element.

[ Cos

Lettue actonaplaneABandthereisanequalcomplementaryshearstressonplaneBC. The
aimisto findl 1 & [ acting onACat®anglel toAB.

Resolvinginthedirectionof!

1 X101 Cosl! )Sini I (1 Sini).Cos!
_1Sin2J

Resolvinginthedirectionof!

1, X10 (1 Sin1 )Sin1 7 (1 CosT ).Cos]
11111 Cos2! (11 45)down toplane

10 IRy at2ite

PureNormalstressesongiveplanes

A B
l yCosL

Lettheknownstressesber,onBCand! yonAB,thentheforcesontheelementare proportional to
those shown.



Resolvinginthedirectionof;

DofgCosﬁ[oS?ne «

Resolvinginthedirectionof',

0,01 yCosl Sinil - [ ,Sini Cosl

L8
neraltwodimensionalStr m
Iy C
xSin
/ Sini
I
A Py
] Cos
[,Cos
Resolvinginthedirectionof!
0, 171yCos] Cos! 11 Sin] Sinl J 1 CosJ Sin 11 SinJ Cosl
10 Cos? 10 Cos? \ 2
if (Y )i X)ﬁ\ Sin
2 2
1 1
1p g ) Cos? 11 Sin%
2 Y X 2 Y X
Resolvinginthedirectionof!,
[,00Cosl Sinl [ 1 ,Sin1 Cos

1 [0 Cos! Cos! (|1 Sinl Sin
000 (000 )Sin2 111 Cos2

0 2 Y X

Example—1

If thestressontwoperpendicularplanesthroughapointare60N/mmz2tension,40N/mm2

compressionand30 N/mm2shearfindthestress componentsandresultantstresson aplane at 60°o
that of the tensile stresses.

0 41—» 40Sin60°
30Sin60°

60°

o > 30Cos60°

r

30Cos600



Resolving

1,7 60C0s60°.Cos60° 40Sin60°.Sin60% 30Cos60°SiNG0% 30Sin60°Cos60”
160x x140xx v B a0k V3 30x V3,1
2 2 2

2 2 2 2 2
11513075 3175 /3

UUUUHN/mm2
and

03 60Cos60°.Sin60°1 40Sin60°.Cos60° 30Cos60°Cos60° 30Sin60°Sin60°

1153v1031 7.5/ 22,5

[ 58.3N/mm?

Iy 4J(112058.32)1 59.3N/mm?

atangletothe

“Ntan 158'3—i8{9915°11

0 2
58.3 (20°tothe60N/mm~)
Ur
Pringi
Fromequation
o0 o )Sin2! 11 Cos2
\\2 - Y X

TherearevaluesofOforwhich ' ; iszeroandtheplaneonwhichtheshearcomponentis zero are
called principal planes.

Fromequationabove.

2

tan2| (when! 1,1 0)

(I/1x)

Thisgivestwovaluesof 2! differingby180%andhencetwovaluesof: differing by90%.e.the principle
planes are two planes at right angles.

Sin2111 2
\/(\: 1242

Cos2111 a2l
\/(\: 1242



PrincipalStresses
Thestressesontheprincipalplaneswillbepurenormal(tensionorcompression)andtheir values
are called the principal stresses.

Weknowy,
J0(00)r (10 )xCos2: 11 Sin2i

D2 -y X 5 Y X
Principalstresses:1

(NI

1_x(ﬂ 00)0 2
72N
\' 0.2

\/(H 142

1 [0 )42
0 0(000 )‘2 Yy X

Y X

2 Joppg

\\1x(wu )] 1

5 Y X E (‘ Yl )2|Q2

hortermethodforprincipalstr

7] > [ Cos!

%b xSin
Sin
y

LetACbe a principal plane and’ theprincipalstress acting on it- x,’ jand_ arethe known stress on
planes BC and AB as before.

Resolveinthedirectionofl x
[ Sin. = xSin_ + Cos

O 001 COST v (1)
Resolveinthedirectionof,
[ Cosl 00 ,Cosl 11 Sin

¥ Cos

O IT JItan v (2)
Multiplycorrespondingsidesofequations(1)and(2)i.e.

(noo)pgoypn
ol 4 (100 LLIC0% 0Solvigg
ax2 bxi ¢ 1
. | 1hl b%ﬁca
) 2a
Here
VI N
1 1 2
orl [ (100 _ W
E x y 9 x y
The values of 0 for the principal planes are of course found by substitution of the principal
stresses values in equation (1) & (2).




Maximumshear stress

[ Sin]

0,Cos

LetABandBCbetheprincipaIplanesand: 1and- 2theprincipalstresses. Thenresolve

0,0 ,Cos! .Sinl (11 ,Sin’.Cos

s

2

1

Hencethemaximumshearstressoccurswhen20=90°.e.onplanesat45°otheprincipal planes
and its magnitude is

\\1(\\\)

max 2 2 1

\ 15 \/[(\ 141G

Inwords: Themaximumshearstressisone-half ~ the  algebraicdifferencebetweentheprincipal
stresses.

Example=2

At a section in abeam the tensile stress due to bending is 50 N/mm?and there is a shear
stress of 20 N/mm?. Determine from first principles the magnitude and direction of the principal
stresses and calculate the maximum shear stress.

Solution . C
f’ 50N/mm?2xSin
/ 20N/mm2xSin
I
A

- B
20N/mm?2xCos

ResolveinthedirectionAB :
(1 Sin_ 1 50Sin 1 20Cos!

501 20C0t .............. (1)
ResolveinthedirectionBC:
(1 Cosl 1 20Sin............. 2
[0 20tanl
Multiplyingcorrespondingsidesofequations (i)and(ii)
0 (00 50) 20
12150004001 0
. 501 10(2516)
. 2

50064

| ——=570r72
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. . . . . . To
|.e.theprlnC|palstressesare57N/mmztenS|on,7N/mm2compreSS|on,theth|rdbe|ng Zero www foxitsoftware.comishopping

tan oy
20 20 20
Giving0=70"and 160° beingthedirectionsoftheprincipalplanes. Max

shear stress =

0 1([ 1)
2_ 2 1
7072
- 32N/mm?
andtheplanesofmaximumshearareat 45%obeprincipleplanesi.e.0=25%nd115°.(Ans)

MaximumshearstressusingMohr’s Circle

The stress circle will be developed to find the stress components on any plane AC which
makes an anglel withAB.

Construction
MarkoffPL=" 1andPM=" 2(positivedirectiontotheright).It isshownherefor. 21 1, but this is not a
necessary condition. On LM as diameter describes a circle center O.

ThentheradiusOLrepresentsthepIaneof: 1(BC)andOMrepresentstheplaneof: 2(AB) planeACis
obtained by rotating.AB throughyanticlockwise, and if OM on the stress circle is

rotatedthrough?2 inthe samedirection, theradiusORin obtained whichwillbeshown to represent the
planeAC.

ORcould equally will beobtainedby rotatingOL clockwise through 180°-2 1, corresponding to
rotating BC clockwise through 90°-7 .
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Draw RNCrto PM
ThenPN=PO+ON

w1(iw)w 1(W)Cosg

2 1 2 2 2 1

(10 Cos2 ). (10 Cos21) 2

‘ 1 —T 2

10 Sin?07 %osgj )11 thenorgalstresscomponentonAC

andRN. (111 )Sin2
E 2 1
g-theshear stresscomponent onAC
Alsotheresultantstress

AR IPR

Anditsinclinationtothenormalof theplaneisgiven RPN

jisfoundtobeatensilestressand!  isconsideredpositiveifRisabovePM,

ThestressesontheplaneAD,atrightanglesforAC,areobtainedfromtheradiusOR’,at
180°%toOR

el PN RN

and_ [ 1bptofoppositetype,tendingtogiveananticlockwiserotation.

ThemaximumshearstressoccurswhenRN=0R,i.e.| =45%andisequalinmagnitudeto OR-

1 . - . . .
(0 E)Themammumvalueot isobtainedwhenPRisatangenttothestresscircle.

Twoparticularcaseswhichhavepreviouslybeentreatedanalyticallywillbe dealtwithby this
method.

1. Purecompression
IF] isthecompressivestresstheotherprincipalstressiszero.

PTe R
' i 2 P
L o N M
A LD B

PL=[ numerically,measuredtotheleftforcompression,PM=0

1
Hence,OR ‘EL
1,1PN,Compressive
1,0 PN,Positive

1 , .
Maximumshearstressi] OR | [Loccuringwhen 1 45°,
°122]



2. Principalstresses equaltension andcompression
PTe

—

PM=["totheright PL l
=[ to the left
Here Ocoincides withP
L ;L PN,istensilefor
between(| 45°,compressivefor
between45’and135°
1,/ RN,when [ 45°
|, reachmaximum | ,onplaneswhenthenormalstressiszero(Pureshear)
Example-3

A piece of materials is subjected to two compressive stresses at right angles, their values
being40N/mm2and60N/mm2.Findthepositionoftheplaneacrosswhichtheresultantstressin ~ most
inclined to the normal and determine the value of this resultant stress.

Solution
_[,60N/mm?(Compressure)
__,40N/mm?Compressure)

Inthefigure, theangler isinclinedtotheplaneofthe40tonsN/m2compression.

r C R
\
+«—60 L 2
0 M
A I B

40

InabovefigurePL=60,PM=40,Themaximumangle_lisobtainedwhenPRisatangentto the
stress circle.

OR=10,PO=50

Thenr Sin—‘1( 11930/

5
1JPR (5021 102)1 1 49N/mny?

2109001

1139915
whichgivestheplanerequired

[23]



Example-4

At a point in a piece of elastic material there are three mutually perpendicular planes on
which the stresses are as follows : tensile stress 50 N/mm2, shear stress 40 N/mm2 on plane,
compressivestress35N/mm2andcomplementaryshearstress40N/mm2onthesecondplane,
nostressonthethirdplane.Find(a)theprincipalstressesandthepositionsoftheplaneonwhich they act
(b) the position of the planes on which there is no normal stress.

Solution
MarkoffPN=50,NR=40

PN/=-35,N'R'=-40

JoinRR/,CuttingNN’at0, Drawcircle centreO,radiusOR

1
ThenON= NN’
2

=42.5

OR! 49.5%1 402 58.4

POIPNIONI 7.5

(a) ThePrincipalstressesare
PM=PO+0OM=6.5N/mm?(tensile)
PL=0OL-OP=50.9N/mm? (compressure)

40 /
or,2] =tan-1 14320
425
110 21%0

(b) Ifthereisnonormalstress,thenforthatplaneNandPcoincidesand

2180 Cod L
58.4 w0
; /
21=97%24
] 48042/totheprincipalplane 50.9
21040/
N ) oo
( 8020 l 65.9
\
X
35 \
40 N\



CHAPTER4.0

SHEARFORCE&BENDINGMOMENT
—-Typesofbeamandload Beam

Astructuralmemberwhichisacteduponbyasystemof externalloadsatrightanglestoits axis is
known as beam.

TvpesofBeam

1. Cantileverbeam
2. Simplysupportedbeam
3. Overhangingbeam
4. Rigidityfixedorbuiltinbeams
5. Contimousbeam
y Jw ™
(- I o T
l | P X
4 N
T T 4)
(3) J'W IW IW
11 1
®)
Typesofload

1. Concentratedorpointload
2. Uniformlydistributedload
3. Uniformlyvaryingload

l )
— T [ T

e snil
[ o T

4.2.Conceptsofshare forceand bendingmoment

Shear force

Theshearingforceatanysectionofbeamrepresentsthetendencyfortheportionofbeamto one
side of the section of slideor shear laterally relative to the other portion.

TheresultantoftheloadsandreactionstotheleftofAisverticallyupwardsandthesincethe
wholebecameisinequilibrium,theresultantoftheforcestotherightofAAmustalsobeFacting down
ward. F is called the shearing force.

[25]



Definition
Theshearingforceatanysectionofabeamisthealgebraicsumofthelateralcomponentof the
forces on either side of the section.

Shearingforcewillbeconsideredpositivewhentheresultantoftheforcestotheleftisupwards or to

the right in downward.

Ashearforcediagramisonewhichshowsthevariationofshearingforcealongthelengthof
thebeam.

n fBendinaMomen

InasmallmanneritcanbearguedthatifthemomentaboutthesectionAAof theforcestothe left is M
clockwise then the moment of the forces to the right of AA must be anticlockwise. M is called the
bending moment.

W2 W3
A N
| ’ | | L]
| A ]
R, R,
Definition
Thealgebraicsumofthemomentsaboutthesectionofalltheforcesactingonothersideof the
section.

Bendingmoment will be considered positive when the moment on the left of section is
clockwise and on the right portion anticlockwise. This is referred as sagging the beam because
concaveupwards.NegativeB.Mistermedashogging. ABMDisonewhichshowsthevariationof
bending moment along the length of the beam.

4.3Shearforceandbendingmomentdiagramandits silentfeatures.
i. lllustrationincantileverbeam
ii. lllustrationinsimplysupportedbeam
iii. llustrationinoverhangbeam

Carrying point load and u.d.L.

Concentratedloads
Example -1
AcantileveroflengthLcarriesaconcentratedloadWatitsfreeend,drawtheSF&BM
diagram. WL
»
- L —_— -
< X = ‘:
W
F W
SFD
M BMD WL

[26]



Solution
Atasectionadistance xfromthefreeend,considertheforcestothe left.

ThenF=-W,andinconstantalongthewholebeamforallvaluesofx. Takingmoments
aboutthe sectiongiven M=-Wx

Ax=0,M=0,At-x=L,M=-WL
AtendfromequilibriumconditionthefixingmomentisWLandreactions W.
Example-2

A beam 10mlong is simplysupported at its ends and carries concentrated loads of 30 KN
and 50 KN at distance of 3m from each and. Draw the SF & BMdiagram.

30KN 50KN
3m | 4m 3m
R, 1 * R,

10m
36

6

44
132

108

Solution
FirstcalculateR1andR2atsupport R1
x10=30x7+50x3
=R1=36KN
andR2=30+50-36=44KN
Letxbethedistanceofthesectionfromthelefthandend.
Shearingforce
O <x <3m,F=36KN
3<x<7,F=36-30=6KN
7<x <10,F= 36-30-50=-44KN.
Bendingmoment
0<X,3M=R1 X=36xKNM
3<X,7,M=R1X-30(X-3)=6X+90KNM
Kx<10,7,M=R1X-30(X-3)-50(X-7)=44X+440KNM
PrincipalvaluesofMare
atX=3m,m=108KNM at x
=7m, M= 132 KNM at x
=10,M=0.

[27]



CHAPTER4
BENDINGMOMENT&SHEARFORCE

Intr tion

Whenanystructureisloaded,stressesareinducedinthevariouspartsof ~ thestructureand in
order to calculate the stresses, where the structure is supported at a number of points, the
bending moments and shearing forces acting must also be calculated.

Definitions
Beam - Beam is structural member which is acted upon by a system ofexternal loads at
right angles to the axis.

Bending-Bendingimpliesdeformationofabarproducedbyloadsperpendiculartoitsaxis as well
as force couples acting in a plane passing through the axis of the bar.

Planebending-Iftheplaneof loadingpassesthroughoneoftheprincipalcentroidalaxesof the
cross section of the beam, the bending is said to be plane.

Pointload-Apointloadorconcentratedloadisonewhichisconsideredtoactatapoint.

Distributed load-Adistributed load is one which is distributed or spread in some manner
overthelengthofthebeam.Ifthespreadisuniform,itissaidtobeuniformlydistributedload.Ifthe  spread
is not at uniform rate, it is said to be non-uniformly distributed load.

CLASSIFICATIONOFBEAMS

1. Cantilever—Acantileverisabeamwhoseoneendisfixedandtheotherendfree.Fig.4.1
showsacantileverwitharigidityfixedintoitssupportandtheotherendBfree. Thelengthbetween A& B is
known as the length of cantilever.

B
Y l

Cantilever
Fig4.1

2. Simplysupported beam— Asimply supported beam is one whose ends freely rest on
walls or columns or knife edges.

Simplysupportedbeam
Fig.4.2
3. Overhangingbeam-Anoverhangingbeamisoneinwhichthesupportsarenotsituated
attheendsi.e.oneorboththeendsprojectbeyondthesupports.InFig.4.3C&Daretwosupports  andboth
theendsAandBof thebeamareoverhangingbeyondthesupportsC&Drespectively.

W1 V\l/2 W3
A,: Cn nD B
“over supported over
hang Span hang

Fig.4.3

4. Fixed beam - A fixed beam is one whose both ends are rigidly fixed or built in into its

supporting walls or columns.
WlJ. A J.

Fixedbeam
Fig.4.4

[28]
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5. Continuousbeam—Acontinuousbeamisonewhichhasmorethantwosupports [ “THe"*oeeer
supportsattheextremeleftandrightarecalledtheendsupportsandalltheothersupports,except the
extreme, are called intermediate supports.

Continuousbeam
Fig.4.5

SHEARFORCE

Ingeneralifwehavetocalculatetheshearforceatasectionthefollowingproceduremaybe
adopted.

(i) Considertheleftortherightpartofthesection.
(i) Addtheforces normaltothememberononeoftheparts.

Iftherightpartofthesectionischosen,aforceontherightpartactingdownwardsispositive while a
force on the right part acting upwards is negative. For instance, if the shear force at a
sectionxofabeamisrequiredandiftherightpartxBbeconsideredtheforcesP& arepositive while the
force R is negative. S.F. at X =P+ Q-R

A

X B A
| T Section
R Q

Fig.4.6

Iftheleftpartofthesectionbechosen,aforceontheleftpartactingupwardsispositiveand
aforceontheleftpartdownwardsisnegative.Forinstance,iftheshearforceatXofabeamis

requiredandifXAistheleftpart,theforceQispositivewhiletheforcesw,aw,arenegative.

\ S.FatX=Q-W1-W2

BENDINGMOMENT
Tofindthebendingmomentatasection ofabeamthefollowingproceduremaybeadopted.
(i) Considertheleftorrightpartofthesection.
(i) Removeallrestraintsandallforcesonthepartselected

(iii) Now introduce each force or reacting element one at a time and find its effect at the
section (i.e.find whetherthemomentproducesa hoggingorsaggingeffect at thesection).Treat
sagging moments as positive and hogging moments as negative.

Note that the moment due to every downward force is negative and moment due to every
upward force is positive.

Shearforceandbending momentdiagrams.

[29]


http://www.foxitsoftware.com/shopping
http://www.foxitsoftware.com/shopping

A.CANTILEVER
(i) CantileveroflengthLcarryingaconcentratedloadWatthefreeend.

w
AMe—— B
L W
+
A *) B
S.F.Diagram
A B
(_) B (aﬂ\
WL B‘\,\D\ag -
Fig.4.7

Fig.4.7showsacantileverABfixedatAandfreeatBandCarryingtheloadWatthefreeandB.

Consider a section x at a distance of x from the free end.

S.FatX=S) =+W

B.MatX=Mj =-W

Hence,wefindthattheS.F.isconstantatallsectionsofthememberbetweenA&B.Butthe
B. Matanysectionisproportionaltothedistanceofthesectionfromthefreeend.

W/unitruny |
A | B
- - T
WL :
N
|
|
AS.F.Diagram | B
X| B

A
|
WL2 W
Aty =0i.e.atB,B.M=0 2

At =Li.e.atA,B.M=WL -
Fig.4.7showstheS.F.andB.Mdiagrams.

(ii) CantileveroflengthLcarryingauniformlydistributedloadofW perunitrunoverthewhole length.
W/unit run

L)
(WL+W? :

W
+ |
h &) %
S.F.Diagram !

IX B
A
2 /
WL
(2— 1WL)

Fig4.8showsacantileverABfixedatAandfreeatBcarryingauniformlydistributedloadof W per
unit run over the whole span.

[30]



ConsideranysectionXdistant) fromtheendB.
X X2
S.FatX=S; =+W ,B.MatX=M: =-W| W, —
Hencewefindthatthevariationoftheshearforceisaccordingtoalinerlawwhilethevariation of the
bending moment is according to a parabolic Law.
At =0,S1=0M1=0

2
At =L,S =+ WLM = L

(iii) CantileveroflengthLcarryingauniformlydistributedloadofW perunitrunoverthewhole length
and a concentrated load W at the free end.

W/unit run
A D|N\/\,v AAAA B

)

Fig.4.10
Fig.4.10ShowsacantileverABfixedatAandfreeatBand carryingtheloadsystemmentioned
above.ConsideranysectionXdistant| fromtheendB.TheS.FandtheB.MatthesectionXare
respectively given by

Wi 2
At =08 =+WM =0 (7 rwL) 5
At =0,S) =+W My =0
w2
At =L,S1 =+(WL+W),Mi =0 (77 ow)

S.F.variesfollowing alinerlawwhileB.Mvariesfollowing aparabolicLaw.

(iv) cantileveroflengthLcarryingauniformlydistributedloadofW perunitrunforadistance a from
the free end.

Fig.4.10showsacantileverABfixedatAandfreeatBandcarryingtheloadsystemmentioned
above.

ConsideranysectionbetweenDandBdistant: fromthefreeendB.

2
S.FandB.MatthesectionaregivenbySy =+Wi ,Mi =[ W -

Theaboverelationsholdgoodforallvaluesofxbetween '=0and '=a(i.e.betweenB&D)

Hence for thisrange the S.F.varies following a linearLawwhile the B.Mvaries following a
parabolicLaw.

At!=0,S1=0M; =0
[31]
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At!=a,S! =+WaandM' =! )

NowconsideranysectionbetweenD&A ,distant! fromtheendB. The S.F

& B.M at this section are given by

S =+WaandM’ =1 Wa(11 a)

2
HencebetweenA&D,S.F.isconstantat+WabbuttheB.Mvariesaccordingtoalinearlaw.
2

At =aM =-Wa(a: ="

2 2

-a

At' =L M'=-Wa(L ") _

2

Problem
Fig.showsacantileversubjectedtoasystemofloads.DrawS.F&B.Mdiagrams.

Solution-AtanysectionbetweenD& E,distant xfromE.

S.F=S +500kg 400kg 300kg 800kg  500kg
0.5m l 0.5m l 0.5m l 0.5m l
B.M=M =-500 A
B C D E
At =0,M =0 2m

2000kg

At =0.5m,M"=-500x0.5=-250kg.m

AtanysectionbetweenC&D,distant’ fromE,

S.F=S =+500+800=+1300Kg S.F Diagram

B.M=M =-500x-800(x-0.5)=-1300x+400 A B c D E
At =0.5,M =-1300x0.5+400= -250Kg.m \// 250kg
At =1M,M =-1300 +400=-900Kg.m 1700kg®00kg

B.MDiagram
. . 2700kg
AtanysectionbetweenB&E,distantxfromE

Fig.4.11

S.F=S! =+500+800+300=1600Kg
B.M=M!=-500x-800(x-0.5)-300(x-1)Kg.M=-1600x+700Kg.m At' =1m,

=-1600 + 700= -900Kg.m
At =1.5m,M=-1600x1.5+700=-1700Kg.m
AtanysectionbetweenA&BdistantxfromE.
S.F=S! '=+500+800+300+400=2000Kg
B.M=M!=-500x-800(x-0.5)-300(x-1)-400(x-1.5)=-200x+1300Kg.m
At'=1.5m,M'=-2000 x1.5 +1300 =-1700Kg.m
At '=2m,M =-2000x2+1300=-2700Kg.m

Beamsfreelysupportedatthetwoends.
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() SimplysupportedbeamofspanLcarryingaconcentratedloadatmidspan.
Fig4.12showsabeamABsimplysupportedattheendsA&B.Letthespanofthebeambe L and let
the beam carry a concentrated load W at mid span.
Since theloadis symmetricallyplacedonthespan,reactiononthespan,reactionateach
w W

support=,
" A L/2 l L/2 B
IR IR I c \,I
A B 2 w R}
w Ra - b 2
ForanysectionbetweenA&CS.FI SO )
ForanysectionbetweenC&BSF=S.FDSDDDW _ +
2 A C _ B
. wWow
Atthesection CtheS.Fchangesfrom | to.l S.F.Diagram w
2 2 o 2
AtanysectionbetweenA&Cdistant! fromtheendA, the
bending moment is given by, wL C
2
M = M(saggingmoment) 2
At =q_,M =0
At ="M _WL
2 2 4 B.MDiagram
WL ;
HencetheB.MincreaseduniformlyfromzeroatAto __atC Fig.4.12

4

- : WL . .
SimilarlytheB.Mdecreasesuniformlyfrom  _atCtozeroatB.Maximumbendingmoment
4

occursatmidspani.e. atCwheretheS.Fchangesitssign.
(i) Simplysupportedbeamcarryingaconcentratedloadplacedeccentricallyonthespan.

Fig.4.13showsasimplysupportedbeamABofspanLcarryingaconcentratedloadW atD
eccentrically on the span.

LetAD=a&DB=b W
LetR.&R betheverticalreactionsatA&B A = a " b B
Forequilibriumofthebeam, TWE L D _I
R _ Wa
Takingmomentsof theforcesonthebeamaboutA, a T Rb
wehave Wb
L 4 D
Ry Wa A — |B
R, Wa S.F.Diagram Wa
'-W W Wab L
a la -
\ TWI i — L
% L L
Wb +
R i
° L
A C B
Sincea+b=LforanysectionbetweenAandD B.M.Diagram

theshearforce=S: =Va=+Wb Fig.4.13
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ForanysectionbetweenD&B,theshearforce=S: =Ry L

Wb

AtanysectionbetweenA&DdistantxfromA,thebendingmomentisgivenby

Wb
Moo=+ _L(saggmg)

At =0,M1=0

At =oM =Vab

L

HencetheB.MincreasesuniformlyfromzeroattheleftendAto

Wab

L

willdecreaseuniformlyfrom

Wab,p SimilarlytheB.M

L

atDtozeroattherightendB.

ItmaybeobservedfromtheS.FandB.MdiagramsthatthemaximumB.MoccursatD where the

S.F. changes its sign.

(ii) Simplysupportedbeamcarryinganumbe
r of concentrated loads.

Fig. 4.14 shows a simply supported beam
AB of span 8meterscarryingconcentrated loads
of 4KN,10KN&7KNatdistancesof 1.5meters, 4
meters & 6 meters from the left support.

S.FbetweenC&D=+10-4=+6KN
S.FbetweenD&E=+10-4-10=-4KN
S.FbetweenE&B=+10-4-10-7=-11KN
B.MatA=0
B.MatC= +10x 1.5= +15KNm(Sagging)
B.MatD=+10x4-4x2.5=+30KNm
(Sagging)
B.MatE=+11x2=+22KNM(Sagging)

It may be observed from the S.F & B.M
diagramsthatthemaximumB.MoccursatDwhere the
S.F changes its sign.

(iv) Simply supported beam carrying a
uniformly distributed load of W per unit run over
the whole span.

Fig. 4.15 shows a simply supported beam
ABofspanLcarryingauniformlydistributedload W
per unitrun over the whole span. Let Ra & Rb be
the vertical reactions at the supports A & B
respectively.

Sincetheloadingissymmetricalonthespan,

eachverticalreactionequalshalfthetotalloadon
thespan.

[34]

4KN  10KN  7KN
J 2.5m J 2m l 2m
C D E T
R J10KN 8m R

1.5m
B

11KN

10KN 6KN
+ S.F.Diagram

22KNm

A C D E B
B.M.Diagram
Fig.4.14
W/unitrun
A | B
C |
D \ —
WL L| WL
R — Ry ,—
a2 \ 2
WL |
2 \
| S.F.Diagram
A cl B
‘ WL
| 2
A C B
B.M.Diagram
Fig.4.15



'RIR WL
= v g
ConsideranysectionXdistant fromtheleftendA.

S.F&B.MatthesectionXaregivenby

S\HRa \W\HWL\\M_

2
W2 WL WP
MITR,1] 0 —0 —
©2 2 2
]M]\‘]WJ(LH-)Z
At110,S0107 WL,MJ_L[L
2
At11L,SI1 ]WL]\ALUJWL,M\ 0
2 2
L WL WL WLL L w2
At —,SI01 0 C0&Miny _—(=pn
2 2 2 2 2 8

TheS.Fdiagramisastraightline.TheS.Funiformlychangesfrom]WLAtAto_WLAtB& o
2 2
obviouslythatS.FatMidspaniszero.

TheB.Mdiagramisaparabola.TheB.Mincreasesaccordingtoaparaboliclawfromzeroat
2
Ato WLT atthemidspanCandfromthisvaluetheB.MdecreasestozeroatBfollowingthe

parabolic law.

(v) Beam with overhanging at one end and carrying a uniformly distributed load over
thewholelength.

Fig.4.16showsasimplysupportedbeamABCwithsupportsatA&B,6metersapartwithon over
hang BC 2 meters long.

LetRa&RbbetheverticaIreactionsatA&B.FortheequiIibriumofthebeam,taking moments
aboutA,

1.5t/m
wehaveRax6=1.5x8x4 A I IB
| |Rb=8tones Ro 14 R, 8t
| |Ra=1.5x8-8=4tones at at
S.Fattheleftend=+4t
+ +
S.FjustonthelefthandsideofB=+4-1.5 x6=-5t I D 5
S.F.justontherighthandsideofB=+1.5x2=3t S.F.Diagram 5t
S.FatC=0 2, 33tm
m 5
LetS.Fbezeroat: metersfromA, equating the — C
A 53m
S.F to zero, D 3tm
8 B.M.Diagram
wegetS1=4-1.51=0010 1267/m _ Fig.4.16
3 . .
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B.MatA=0,AtanysectioninABdistantxfromAtheB.Misgivenby

2
M1 =47-1 .5X

2

HencetheB.Mdiagramisparabolic

B.Mati© SMBM 48 32 8 533

3 e 3 2 3 3
B.Mat] 1 6mi.e.atB1 4x6 1'5x62\ [ 3m
2

SectionatwhichtheB.MisZero

. 8
Sinceat!! 3 theB.Mis+5.33tm&atx=6mtheB.Mis-3tmtheremustbeasectionwhere

the B.M is zero. This section can be determined by equating the general expression for B.M to
zero. i.e. by the equation

2
41015 —10
2
(00(400.751):0
16
(0008100 15.33m
3

16
LettheB.MbezeroatO,AO= m __
3

ThepointOwheretheB.Miszerocalledthepointofcontraflexureorpointofinflexion.

ForallsectionsfromAtoOtheB.MisofthesaggingtypewhileforallsectionsbetweenO& C the
B.M is of the hogging type.

(vi) Abeamoflength(L+2a)hassupportsLapartwithanoverhangaoneachside.Thebeam carries
a concentrated load W at each end. Draw S.F & B.M diagram.

LetDABCbethebeamoflength(L+2a).LetthesupportsbeatA&B, so that

DA=BC =a
w w
| AB=L l A B l
. . D A Iy C
Eachverticalreaction =W « ’ " ,
a L a
] RaIRy=W Ra W Ry W
S.F.at anysectionbetweenD&A=-W N
S.F.atanysection betweenB &C=+W D A
C
S.F.at anysectionbetweenA&B=0 — B
B.MatD=0OB.MatA= -Wa S.F.Diagram
AtanysectioninABdistantxfromDtheB.Misgivenby 5 A B
C
Mx=-Wx+W(x-a)=-Wa —
B.MatB=-WaB.MatC= O wa wa
TheB.Mthroughoutthelengthisofthehoggingtype. B.M.Diagram
Fig.4.17
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CHAPTERS
THEORYOFSIMPLEBENDING

Whenabeamisloadeditisbentandsubjectedtobendingmoments.Consequently, longitudinal
or bending stresses are induced in cross section.

Assumptionsin‘Theoryofbending’

1. Thematerialofthebeamisperfectlyhomogenous

2. Thestressinducedisproportionaltothestrain&thestressshouldnotexceedtheelastic
limit.

3. Thevalueofmodulesofelasticity(E)issame,forthefibresof thebeamundercompression

ortension.

4. Thetransversesectionof  thebeam,whichisplane  beforebending,remainsplaneafter
bending.

5. Thereisnoresultant pullorpushonthecrosssectionofthe beam

6. Theloadsareappliedintheplaneofbending.

7. The transverse section of the beam is symmetrical about a line passing through the
centre of gravity in the plane of bending.

8. The radius of curvature of the beam before bending is very large in comparison to the
transverse dimensions.

Asaresultofabendingmomentorcouple,alengthofbeamwilltakeupacurvedshapeand
averyshortlengthmaybetreatedasapartofthearcof circle.ltfollowsthatattheoutorradiithe
materialwillbeintensionandattheinnerradiiincompressionandatsomeradiustherewillbeno  stress.
This layer of the material is the neutral layer or neutral axis.

Fig5.1showsalongitudinalsectionofabeam,theneutrallayer(axis)N.A.beingbenttoform an
arcof acircleof radiusR.Theneutrallayeristhen,beforebending,thelengthpg,whichafter bending
becomes p'q’.

Consider some layer rs at a distance Y from pq which after bending becomes r's’. Let
p/g/subtend an anglelJat thecentre of curvature.

p'q’I Rl andr's’l (RI y)

Initially the parallel layers would have equal lengths, so that Pq = rs and since there is no
stress at the neutral layer, then there is no strain.

Pq’ pg
. rs 1'rs
Nowthestraininrs’ TbUthﬂ paipg
;
g N_| [Ty s LA
| Straintk —— p q :
rs

Butpq’' R1andrs’ (R1Y)

RII(RIY) Y
R

Strain

P
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Nowifthestressinrs=_ &young’smodulus=E

thenstrain: 0 tor: ;E...(i1) _
E R Y R

Ifatransversesectionofthebeamisnowconsidered(Fig.5.2)letastripofarea a,lieata distance Y
from the neutral axis.

E
Then,thenormalforceonthisarea(Ca)J y @ _

R
: . E E
Nowthemomentofthisforceabouttheneutralaxisis’ Y axyor “yZa
R R
Thisistheresistingmomentofthematerialcausedbythestressproducedandthetotal
E
resistingmomentis’ | y*! aor Eyzua
R R
And 1 y? |aBthesecondmomentof areaabouttheneutralaxis, | NA
I E
[JResistingmomentM ~xL_
R
Butsincetheresistingmomentbalancestheappliedbendingmoment,
uMELIorN| E_ .
IIEq MI R E
But
— — — ...(6.2
Ry v R e
N— — ——A
Where,
M= momentofresistance
I=Momentofinertiaofthesectionaboutneutralaxis(N.A.) E =
Yong’s modulus of elasticity Fig.5.2

R=RadiusofCurvatureofN.A

[ =Bendingstress

Theaboveequationisknownasthe‘Bendingequation’.
PositionofNeutral Axis

Considerthecross-sectionof abeam(Fig.5.2),therewillbenoresultantforceonthesection for
condition of equilibrium.

Theforceactingonasmallareal laatadistance'y’fromtheneutralaxisisgivenby

SFila EY.\ a_
R

[38]



Orthetotalforcenormaltothesection,

FTE_Y.Ha
R

LForzeroresultantforce, Y. a 0

Now! Y. Jaisthemomentofthesectionalareaabouttheneutralaxisandsincethismoment is zero,
the axis must pass through the centre of area.
Hencetheneutralaxisorneutrallayer,passesthroughthecentreofarea.
ionM |
Y
or Mvmerez sectionmodulus_ ! _
4 Y

Thesectionmodulusisusuallyquoted forallstandardsectionsandpracticallyisof greater use.
The strength of the beam section depends mainly on the section modulus.

Referringtothebendingequation,M MY
I

Thesectionmoduliiof rectangularandcircularsectionsarecalculatedbelow.
() Rectangularsection

Fig.5.3showsarectangularsectionof widthb&depthd. Let the

horizontal centroidal axis be neutral axis.

. Momentofinertiaabouttheneutralaxis
SectionmodulusZ

Distance ofthemost distantpoint ofthesection fromtheneutralaxis.|

Ymax

bd3 ‘d 1
Butll ™ "andY 1"

|2 max 2 N_ A

bd3 - R

= d
7 l2d b8

2 ’ Y
Momentofresistance,Mi [| Z 2 - Flgu.5.3 ’

x—bd...(5.4)
6

(i) Hollowrectangularsection
RefertoFig.5.4.
Momentofinertiaofthesectionabouttheneutralaxis. i

BD® bd® 1 3 3 D
l— — B0 b
12 12

2 4 D
[ Sectionmodulus/| Z YI_
max <T>
(BD3 de) 9 H(BDS de)H Y
| —eD -—B ——

D4 ( |

| (BD® ba). ‘ Fig.5.4
Momentofresistance,MI | ZI1 x; 68D
| I
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(i) Circularsection
RefertoFig5.5

Momentofinertiaofthesectionabouttheneutralaxis.

Cd* d
=¥ —
64 2
Sectionmodulus! Z YL N A
d* ds
/ 64, (5.6)
d/ 32 . :
2 d
d3
Momentofresistance,M( [ ZII [ x 3—2 Fig.5.5

(iv) Hollowcircularsection
RefertoFig5.6

Momentofinertiaofthesectionabouttheneutralaxis.

1t d)Y | D_
64 max 2
Sectionmodulus’ Z YL
1D d) 2 10(DYd)
e — .(67)
D 32 D |
Momentofresistance,M( | Z X _(D“[ d*
32 D
Example

A250mm (depth) x 150mm (width) rectangular beam is subjectedto maximum
bendingmoment of 750 KNm determine.

(i) Themaximumstressinthebeam.
(i) If thevalueofEforthebeammaterialis200GN/m?.
Findouttheradiusofcurvatureforthatportionofthebeamwherethebendingismaximum.

(ii) The value of the longitudinal stress at a distance of 65mm from the top surface of the

beam. i 1
. . 65mmT
Solution:RefertoFig5.7 |
60
Width ofthe beam = b= 150 mm = 0.15mDepth mﬂ_ - _:_ A
of the beam = d = 250 mm = 0.25m Maximum | 250mm
bending moment M = 750KN.m Young’s : I
modulus of elasticity,E = 200 GN/m2.... ~— -
mm Fig.5.7
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(i) Maximumstressinthebeam:

bd* 0.15x0.253 4
Momentofinertial 12D P 10.0001953m

Distanceoftheneutralaxis(N.A)fromtopsurfaceofthebeam
Yl di925, 0.125m
2 2
, . M.
usingtherelation "0 _, __
Y

M.Y[ 750x10%x0.125

I 0.0001953
" 4.8x108N/mm22 480MN/m?

Hencethemaximumstressinthebeam 480MN/m?(Ans)

wegetr |

(i) Radiusofcurvature,R:

UsingtherelationM E E1200x10°%0.0001953
—RI— 1152.08m(Ans)
I R M 750x10°
(ii) Longitudinalstressatadistanceof65mmfromtopsurfaceofthebeam,usingthe
M-
relation — o
Y Y,
MY, 750x10°x(60x103)
weget 1 ki %108 MN/m?

T 0.0001953
230.4MN/m2(Ans)

[41]



CHAPTERS6.0
STRUT

Astructuralmembersubjected toan axialcompressive forceiscalleda strut. Column
Itisaverticalstrutusedinbuildingorframe. Axial

load on column

Thecolumnfailsbycompressivestress.

Theload,theleastvalueofPwhichwillcausethecolumntobuckle,anditiscalledtheEuler or
crippling load.

Thecolumninactualpracticeissubjectedtofollowingendconditions.
(1) Bothendshinged

(2) Bothendsfixed

(3) Oneendisfixedandotherendhinged.

(4) Oneendisfixedandotherendfree.

6.2Eccentricloadincolumns Eccentric

load
Aloadwhoselineofactiondoesnotcoincidewiththeaxisofacolumniscalledeccentric
load. P P
P

e 1] s _Jf._

A
|
|
|
|
|
|
|

Directstresses,bendingstresses,maximum&minimumstresses.

min I(I]max
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ConsidertheabovecolumnABCDsubjectedtoaneccentricloadaboutoneaxis(Y-Y - &° X §&¢)! " s noticevisit

Let P=Loadactingonthecolumn e
= Eccentricity of the load

b=Width ofthecolumnsection
d=Thicknessof thecolumn

NowAre of the section = bd

d.pd

Momentoflnertia,|= 12 e

| dbd db?
Modulusofsection,Z— 4 -
b
y %2 12

Directstress,D,\P o

°A
Momentduetoload,M=p.e
Bendingstressatanypointofcolumnsectionatadistanceyfromy-y-axis

M M
Iy ™

0 2 GMﬂ.e p.e
b db® db® db®> Ab

Totalstress=directstress+bendingstress

| P_]_M‘ 56P_.eA ZA
Ab

Problem

Arectangularcolumn200mmwideand150mmthickiscarryingaverticalloadof 120KNat
aneccentricityof50mminaplanebisectingthethicknessdeterminethemaximumandminimum

intensitiesof stress inthe section. 120KN

Solution — /50 [nm

y

/|/_

Elevation20

Af *B
—+ e
———JI 150mm

Cc D

I Plan
‘min I[ max

b=200mm,d=150mm,p=120KN,e=50mm

Given
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Maximumstress
A=bxd=200x150=30,000mm2

[ K
120x10% 6x5q
' 130,000 1 200"
I I
1 10N/mm?] 10MPa(Ans)
MinimumsStress
P, 6el
0l 1050
ﬁ\ \
! 120x103 6x59\
—30.000 1 200
\ \

[ 1 2MPa(tension)
6.4Bucklingloadcomputation lp
(1) Columnswithbothends hinged

|

P H |

I E L ||

|

|

(2) Columnswithoneendfixedandtheotherfree

B 3 R
72E| “
P - |
412 |
Cohers L |
E- Youngsmodulus :
I=MomentoflnertiaaboutY'Y -axis. Y
(3) Columnswithbothends fixed. A
El
Po NER

4) Cqumnswithoneendfixedandtheotherhinged.A
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CHAPATER?.0
TORSION

Assumptionofpuretorsion

If ashaftisactedupon byapuretorqueTaboutitspolaraxis,shear stresswillbesetupin
directionsperpendiculartothe  radiuson alltransversesections.Thisiscalled astheshaftunder
torsion.

Followingassumptionsaremade.
1.  Thematerialoftheshaftisuniformthroughout
2.  Thetwistalongtheshaftisuniform.

3. Normal cross sections ofthe shaft, which were plane and circular before the
twist,remains plane and circular even after the twist.

4.  Alldiametersof thenormalcrosssectionwhichwerestraightbeforethetwist,remain
straights with their magnitude unchanged, after the twist.

Thetorsionequationforsolid shaft.

Theseaboveassumptionisjustifiedbythesymmetryofthesection.

{ A o)

| -

Thelefthandfigureshowstheshearstrain_of elementsatadistancerfromtheaxis(_is
constantfarconstantT), so that aline originallyOAtwists toOB,and. ACBI | therelativeangleof twist of
cross sections a distance L apart.

ArcABI 111 L (approx)

Buti© ,whereG modulus ofrigidity G

oy
L
g _
e G
I Gl
orjg= —
r L

The torque can be equated to the sum ofthe moments ofthe tangential stresses on
theelement 20rdr;
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ie.Ti[ (20 rdrjror, T

e

L
WhereJpolarmomentofinertial
Ig G J

L

combingTU HJ G

Jr L

D4

forasolidshaftdlm ——
32

andthemaxstress
16T . D
00 atrl .

mx D3 2
foraholloroshaft

J D4 ¢4 32 ;

andi 1 _16.D.T atr
"1 (DY dY) 2

T GJ

nL

Torsionalstiffness,K

Comparisonbetween solidandhollowshaftsubjected topuretorsion.
Example
Comparetheweightsofequallengthsofhollowandsolidshafttotransmitagiventorquefor

thesamemaximumshearstressiftheinsidediameteris? — oftheoutside.
3

Solution

T 2J (D3

Nro, HH—DH T forsolidshaft

T (D% d*
and —[ (% )
| 16D

T \Dﬂ\\12\ ‘
or—i Ip—
16| 3\‘H |
H65)«D1381

x16
Equatingthesetwoshaft
m%x\] D1
16 81x16

D, D.3 /81/65 11.075D

forhollowshaft

D111.075D
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Ratioofweightsofequallengths

| (D% d*)/D’

\ 2 4
D.,/d) (11—
(D,/d) \‘ \ \9

15
|
g

10.642

Problem

A circular shaft of 50mm diameter is required to transmit torque from one shaft to another
findthe safetorque, whichthe shaftcan transmit.If ther 1 40MPa

Solution

D1 50mm
weknow

40MPa

77 max

T xD¥6

1 x40x50°
16
0.982x108N! mm

0.982KNim

[47]
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